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This document contains supplementary materials for |Clark et al.| (2025). In sec-

tion [B.1] we analyze the first-period investment game with a quadratic investment
cost function c(k) = ’“2—2 In section , we discuss an equilibrium refinement.

B.1 The investment game with a quadratic cost

The following are the first-period payoff functions.
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B.1.1 Pure-strategy equilibria

Observe that z(s) = arg max;, sk — "32—2 =s, M(s) = %, 51 = vVa, 89 = Vi, and
c 1 (V;) = /2V;. Furthermore, we have

Vi + Vs -1 o VitV V4,
Z(c*l(Vg)) > ¢ (V,), which implies §; = 1A — 7 :

Vi + Vo
Z(Cll—é_‘/];) < C_l(‘/l), Wthh 1mphes §2 = M_l(‘/Q) e \/27‘/2’ and

2
M(s) = c(z(s)) = %, which implies s, = 1/2(V] — V3).

Finally, M(3;) < Vo < V; < 2V,. It therefore follows from Propositions 1, 2, and 3

of |Clark et al.[(2025)) that the reinforcement equilibrium exists for all 0 < s < ‘@;%27

and the preemptive equilibrium exists for s € [/2(V] — V3), v2V5] if V] < 2V4.

B.1.2 Mixed-strategy equilibria

Assume that player i is playing in equilibrium a mixed strategy given by the cumu-
lative distribution function G;. We let a;(x) denote the mass placed at x by player
1’s mixed strategy.

Given (7 and G, we can express the players’ expected payoffs as follows:

max{klf%,O}
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max{kg—%,()}

Using the Leibniz rule, we can derive the first-order derivatives of the players’

expected payoff functions, which are given by

S{Gg(kl—‘/z—f—‘/l) - GQ(kl_%)] - kl, if kl Z Ev
_ § * (B5)

Vs

T
%@@—;+1)—%@}—h it < -2




i Vi Vi Vi
S |:G1<]€2 _ 1 —+ l) — Gl(kg — 1):| — ]{52, if k’g > 717
S S S S
dEU, Vi Vs Vi—V, Vi
dk)g = S[Gl(kg — ? + ?> — Gl(O)} — k?g, if s S kQ S ?a
— ko, if ky < 4 ; Ve

(B.6)
Observe that for any given investment level k, player i’s payoff is bounded
above by V; —%- so player ¢ would never use a strategy that puts mass on (1/2V;, 00)

(setting the 1nvestment equal to zero strictly dominates such a strategy). Therefore,
we must have G;(k) =1 for all k > /2V.

Lemma B.1. G5(0) = Go(¥=2).

S
Proof. 1t follows from that 2’s payoff is strictly decreasing in ko for ky €
(0, @] for any given strategy by player 1. O

A direct implication of Lemmals ag(vl 2) = (. Furthermore, it also follows

that 2 cannot randomize continuously over an interval starting at SVQ

Lemma B.2. If player 2 randomizes continuously over [V1;V2 + 01, Vl;VQ + o] with
09 > 07 > 0, we must have d; # 0.

Proof. Suppose, toward a contradiction, 2 randomizes over [@, @ + §5] with

dEU Vi V dEUs _ _Vi-Vi
09 > 0. Then, 2 must be zero at ky = =—2. However, by (B.6i dk; ==

S

at ko = Tv Wthh is strictly negative. O
Lemma B.3. If az(0) > 0, then player 2 gets zero expected payoff in equilibrium.

Proof. For any given (71, it follows from (B.4]) that 2’s expected payoff from playing
zero is zero, which must equal his expected payoff from playing the mixed strategy

if he places a positive mass at zero. O

Lemma B.4. If a;(0) > 0, then player 1’s expected payoff in equilibrium is (V3 —
V2)az(0).

Proof. By Lemma [B.], for a given G, player 1’s expected payoff from playing zero
s (VI — )G (X=2) = (Vi — V3)Go(0) = (Vi — Va)az(0), which must equal his
expected payoff from playing the mixed strategy if he places a positive mass at

Zero. O



Lemma B.5. Consider 6o > 61 > 0. If 2 randomizes continuously over [L;VZ +

01, @ + 82|, then 1 must randomize continuously over [0, ds], and vice versa.

Proof. We prove this by contradiction. First, consider the possibility that player
Vi—Vo
S

2 randomizes continuously over [@ + 01, + d5] and player 1 does not over
[01, 02, so that there exist €1, €; with §; < €; < €3 < d9 such that Gi(e2) = Gy(e1).

Since player 2 randomizes over [@+51, Vl;VZ +05], we must have dEU, /dky =

0 at ko = M + €. We claim that, for an e sufficiently close to but above ¢y,
dEU, /dks, computed at ko = VQ + €, is strictly negative. There are two cases to
consider.

Case (i): Consider ¢ < 2, and fix € € (el,min{ﬁ €2}). By , at ko =
N2 e, dEU, /dks = Gi(€) — G1(0) — e — 1=*2 which is strictly negative, since

€ > €1, Gl( ) Gl(El) and at k‘z V1§V2 + €1, dEUg/dk‘Q = G1(€1) — Gl( ) — €1 —
Yi-vs — o,

s

Case (ii): Consider ¢; > *2, and fix € € (e1,€). By , at ky = V=12 4 ¢
dEU,/dky = G1(€) — Gl(% +e€)—€— VISVQ, which is also strictly negative since
€ > e, Gi(e) = Gi(€), Gl(%—I—e) > Gl( 2 4¢1); and at ky = V1= V2+€1, dEUy /dke =
Gi(er) — Gl(% +e)—€ — @ =0.

Therefore, there exists an open interval starting from €; in which player 2 will
not randomize, contradicting that (G5 is the best response against GG;. The converse

case can be proved using a similar line of argument. O]

From Lemma and the observation that Go(ky) = 1 for all ks > /213, we
conclude that @ + 0o < \/2V5, or, equivalently,

= Va Vi

V2

Therefore, for s < \/W’

Lemma B.6. Assume player 2 mizes continuously with strictly positive probability

over an interval [@ + 1, Vl;VQ + 52}, where 0 < §; < d0y. Then there is no

nontrivial subinterval in (@ + 91, @ + 52> on which Gy remains constant.
Equivalently, for any x € (@ + 01, @ + 52) and any small e > 0 with x + ¢

still in that open interval, we have

G2<$+6) — GQ(ZL‘—€) > 0.

S

oy, A= 4 62) on which G5 remains flat, i.e., for all u,v € (a,b), Ga(u) = Ga(v).

Proof. Suppose, for contradiction, that there is a sub-interval (a,b) C (M +



Equivalently, player 2 places no probability mass at any point ko € (a,b).
By assumption, player 2 is mixing with positive probability throughout [@ +

o1, @ + (52] and so must be indifferent (i.e., dﬁff = 0) on every point of the
support, including points close to a and b.
Since a and b both lie strictly in the interior, player 2 is indeed mixing on

(=2 46, a) and also on (b, Y1=2 + §,). Hence, we must have

d EU,
dks

because a and b are endpoints of portions of player 2’s mixing support.

From ,
d EU,

o Gilky = ———) = Gi(0) — &y
Setting ko = a yields
0 = Gila— Vl;V?) — 4(0) — a, (B.8)
and similarly, for ks = b,
0= Gy(b— Vl;V?) — G1(0) — b. (B.9)

Subtracting (B.8) from and rewriting, we get

() RN R R R Y (B.10)

S S

Let x € (a,b). Then

dEU,
dksy

ko=x S

) — G1(0) — a.

We need to see if this can remain 0 given that it is 0 at x = a and x = 0.
Consider (B.10)). If G; is monotonic and z € (a,b), then x — a < b — a implies
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Rearranging gives

i =V Vi —V;
Gi(z — 2 ; 2) = Gi0) < [Gi(a—— - 2) = G1(0)] + (b —a).
But (B.8]) implies
1=V
Gz — — - 2) — G4(0) < a+(b—a) = b.
So,
d EU. i =V
dk; s {Gl(a:— ! . 2)—G1(0)] —z <b—z—x=>b-2zx

If x is even slightly larger than g, then the right side becomes negative, forcing
% < 0. Thus the slope cannot remain zero in (a, b). Therefore, player 2 would

want to shift probability either into or out of the subinterval (a,b), contradicting
the assumption that 2 is fully indifferent at a and b while placing no mass in

between. O

It follows from Lemma[B.2]and Lemma that player 2 can randomize over at
most one continuous interval of non-zero length in any mixed-strategy equilibrium,
and that this interval must begin at @ + 01, where §; > 0. Consequently, by
Lemma player 1 can randomize over at most one continuous interval, which
must begin at d;. Below, we consider mixed strategies by player 1 that involve
randomization over actions in a continuous interval [d, o] with dy > d; > 0 and
mixed strategies by player 2 that involve randomization over actions in [@ +
01, @ + da).

If such a strategy profile can be sustained in a mixed-strategy equilibrium, then

we must have

dEU, |=0 forall ky € [0y, 0],
dki | <0 for all ky € [0y, 6o);

(B.11)

dEU, |=0forall ky € [Vi=2 4§, 1=2 4 5,],
dky | <0 for all ky ¢ [A2% 44, i=Y2 4 5],

(B.12)

Derivation of the distribution functions
We first derive the optimal distribution functions that sustain randomization
over an interval of actions for each player. Later, we examine when players assign

a mass point at zero.



Consider the indifference condition of player 1. To begin with, assume that d,
is a sufficiently large number (ignoring that G;s are bounded above by 1).

Consider k € [d, % +01). In this range, k — % < @ + 91, and because player
2 does not randomize between 0 and “1=2 + 61, Go(k — 2) = G5(0) = a»(0). From
(B.5) and (B.11)), Go(k + 1=¥2) = G5(0) + £, or, equivalently,

Vi—V,

2

Vi -V, 2V, — Vi
! 2+51,718 2 +0y)

Go(z) = g + as(0) — for z € |

S

Since player 2 does not randomize between 0 and @ + 61, there will be a mass
point at Y12 + §;, and ap (V=2 + §;) = &,

Next, consider k € [% + 61,24 + 6;). In this range, @ +0, < k- % <

s

Mi=V2 4 5. From (B5) and (BII), Go(k + 122) = Go(k — )+ 2 =k B 4

as(0) — % + % = % — % + a(0), or, equivalently,

2 Vi—V; Vi

Gg(x):s<x— L 2)—21+oz2(0)
2 3V — 2V; 2V = V5 3Vi — V&
:£+g2(0)—7182 Z,forxe[ 15 2—1-51, 15 2+51>-

Next, consider k € [% + 1, % + 01). In this range, w +0 <k — % <
3V1;V2, + d1. From (B.5) and (B.11)), G2(k + L;V?) =Golk— L)+ =2 215 4

s s s 52
3Vi—2Vs | k _ 3k _ 3Vj :
a(0) — FA572 + 7 = °F — =5l + a,(0), or, equivalently,

3/ V-V 31
Gg(;ﬂ)zs(x— L 2)—;+a2(0)
3 6V, — 3V, V-V, . 4V
:—$+a2(0)—7152 Q,forxe[ 13 2+517 1.9 2+5l)-

In general, we can express the distribution as follows (can be verified by induc-



tion):

as(0) fora:<v1;V2+51
min %—FO@(O) Ve — V.
n(n + 1)Vi — 2nVi for 7 € {12 +on,
Gale) = a 25‘; 271}
1NV, —
min{<n+ Vi V2-|-51, 2Vz}>7
s
n=12...
1 for x € {\/2‘/2,00)

(B.13)

It is easy to verify that dﬁgl < 0 for ky > x, whenever Go(x + @) = 1.

Therefore, for given 1, ay(0), and Go, (B.5)) is satisfied. Computing G, at the

boundary points of each interval, we find:

Vi—V, d — 1V
. _ noy n(n+ 1)V}
el =0T (B.15)
vy —V; 1)0 1V
G2<(n+ )81 2+51> :W;)l_i_%(o)_i_w (B.16)

Therefore, G5 assigns an atom of size 53—1 at every boundary point ”Vlis_v? +d1,n > 1.
It is also worth noting that G5 can be equal to one at some ks strictly below /2V5.
We next construct G from player 2’s indifference condition. Since player 1 does

not randomize between 0 and ¢;, we must have
G1($) = G1<O> = 041(0), for z < 51. (Bl?)

Consider k € [@ + 41, % +01). In this range, k — % < 41, and because player

1 does not randomize between 0 and 01, Gi(k — 2) = G1(0) = a;1(0). From
and (B.12)), we have Gy (k — 252) = Gy (k — 2) + £ = a1 (0) + £, or, equivalently,
_

Vi — Vi
Gi(z) = = + a1 (0) + 22

S 52

, for = € [y, ‘:2 +61).

Next, consider k € [% + 01, @ + 01). In this range, 6; < k — % < % + 61, and



so Gi(k — 1) =%+ 0;(0) — 2. From (B.6)) and (B.12), we have G;(k — 1=%2) =

Gi(k — ?) 4k % + o (O) — l or, equlvalently,

s

Va Va

2 2Vy = 3V; 2
J:—l— +¥f01'$ +51, S +(51)

sz [

Next, consider k£ € [M + 01, @ + 91). In this range, % +60 < k — % <
22 4 6y, and so Gy (k — Vl) = 2 4 o1(0) — 22. From (B.6) and (B.12), we have
Gl(k N=2) = Gi(k— ) + 5 = 35 4 (0) — 212, or, equivalently,

S

2V, 3Vs

3Vi —6V;
3x 17627 forx [?_‘_51,7—’_51)

Gl(ﬂf) = ? + Oél(()) +

52

In general, we can express the distribution as follows (can be proved by induction):

a;1(0) for z < 6y

m'n{mx—l—a (0)
in{ — 4 ay
—1
5 forxel(m)vz—i-él,
s

Gi(z) = L 2mVi —m(m 4+ DVe (B.18)
252 ’
min {ng + 0y, 52}> ,
s
m=1,2,...
1 for x € [5;, oo)

-V V
where 0y = 24 <\/2V2 — 81>

Since player 2 will never use a strategy that puts mass on [\/ 2V5, oo), player 1
has no incentive to invest at any level above d,, as we have shown above. However,
G1(x) can be equal to one at some z < &,. It is easy to verify that dEU2 < 0 for
ko > @ + x whenever G;(x) = 1. For given 41, a;(0), and Gy, is satisfied.
Computing GG; at the boundary points of each interval, we find:

o ((m -1, n 51) _ mo; + a1 (0) + m(2Vi + (77; — 3)‘/2); (B.19)
S s 2s

lim G (z) = moy + a1 (0) + m(2Vi + (7721 — 1)VQ); and (B.20)
o (M2 45) s 2s

G (M g5 = g ) 4 ME DN DN )

S 252



Therefore, G; assigns an atom of size % + % at every boundary point @

51,m > 1.

+

Lemma B.7. «;(0) € (0,1) fori=1,2.

Proof. If player 2 plays according to (B.13]), then player 1’s payoff from playing 0
is (Vi — V2)G2(0) = (Vi — Va)as(0), and 1’s payoff from playing 6; is (V3 — Vo +
min{d;s, Vo })G2(0) — % = (Vi — Vo 4+ min{d;s, Va})aa(0) — % (because for any

ky > @ + 91, we have U;(d1, ko) = —%). Therefore, in any mixed strategy

equilibrium in which 1 randomizes over [d1, d2] U{0}, we must have:

2

)
min{dys, Va}as(0) > 51 = a,(0) =0,
2

min{d; s, Va}an(0) < 521 = oy(0) =1,
52
a1(0) € (0,1) = min{d;s, Va}as(0) = 51
Now, if as(0) = 0, then player 1 must play a pure strategy (specifically, 0). We
know from our analysis of pure-strategy equilibria that player 2 then has a unique
best response in pure strategy and so will not randomize over a nonzero interval.
This rules out the possibility that as(0) = 0 and «;(0) = 1.

Similarly, given that player 1 plays according to (B.19), we have that player 2’s
respective payoffs from playing zero and playing (Y2="2+4-) are 0 and min{d;s, Va}a; (0)—
(@—1—51)2 /2, respectively. Therefore, if player 2 randomizes over [V:VQ +01, Vl;‘é +
92 U{0}, we must have:

- (V1;V2 +51)2
2

- (V1;V2 +51)2
2

min{d; s, Va}ay(0) = ay(0) =0,

min{ds, Va}aq(0) = a(0) =1,

(Vl;V2 + 51)2

a(0) € (0,1) = min{d;s, Vo}ay(0) = 5

If @1(0) = 0, then player 2 must play a pure strategy (specifically, 0), in which case
player 1 has a unique best response in pure strategy, and so he will not randomize
over a non-zero interval. This rules out the possibility that a;(0) = 0 and a»(0) = 1.
Therefore, in any mixed-strategy equilibrium, we can only have «;(0) € (0,1)
fori=1,2. O]
_ (52 +a) _ of
2min{d;s, Vo } 2min{0;s, Vo}'
Proof. The proof follows from the proof of Lemma [B.7] O

Lemma B.8. a4(0) , az(0)

10



By Lemma [B.5] and Lemma [B.6], both players randomize over at most one con-
tinuous interval of the same length. From the specifications of GG; and G5 in
and , we see that the continuous interval over player 1’s action space is a
union of contiguous sub-intervals of length V5/s, while that over player 2’s action
space is a union of contiguous sub-intervals of length V;/s. Furthermore, player 1
assigns higher probability masses to the boundary points of each sub-interval com-
pared to player 2; specifically, player 1 assigns a probability of ‘5;1 + %, whereas
player 2 assigns a probability of %1. These observations, along with the fact that
a1(0) > a(0) (which follows from Lemma [B.§), together imply that G; increases

in value at a faster rate than G9. We therefore define
9y 1= limxinf{x : Gh(z) = 1}, (B.22)

and adjust player 2’s strategy to ensure randomization over an interval of the same

length as player 1’s as follows:

) k) if ko < &
Crolly) o 4 2R iR <02 (B.23)
i by > 6,

In the above construction, a family of mixed-strategy equilibria is defined by 97,
and we can express a;(0), as(0), and dy (when it is strictly below d,) as functions
of §;. These mixed-strategy equilibria exist only if G1(6;) < 1; if, on the other
hand, G1(d;) > 1, then one of the players has incentives to deviate. This existence
condition can be expressed as:

51 L1 L2
— L oL T4 1
G1<51) = 041(0) -+ S + &2 <

(L;VQ +0)* 6 ViV

2min{d;s, Vo} s 52

<1 (B.24)

The left-hand side of the above expression changes with respect to ¢; in a non-
monotone way. It can be shown that the expression is increasing in ; for §; > V4 /s
but can have a local minimum at some §; < V5 /s for V5 close to V;. The expression
is decreasing in s and it trivially follows that, for s < \/V; — V5, none of these
mixed-strategy equilibria can exist (although it is not a necessary condition for
non-existence). Below we show that a mixed-strategy equilibrium exists for so high
values of s that no reinforcement equilibrium exists.

Steps to construct mixed-strategy equilibria

Vl—VQ 5 2
Step 1: Consider Gy in (B.19). Let oy (0) = 2<{5+3} and find &, that
1MIin4 018, Vo

11



satisfies (B.24)).
i

Step 2: Let 0y = liminf,{z : G1(z) = 1} and a2(0) = Tmin{ors Vol Consider
120, V2

G in (B.13) and adjust player 2’s strategy to G5 as given in (B.23).
The strategy profile {G1, ég} constitutes a mixed-strategy equilibrium. In this
mixed-strategy equilibrium, player 1’s expected payoff is given by (Vi — V5)az(0),

and player 2’s expected payoff is zero.

B.1.3 Payoff comparison across equilibria

It trivially follows that a reinforcement (pure-strategy) equilibrium weakly payoff-
dominates a mixed-strategy equilibrium in the range of parameter values where both
types of equilibria exist. This is because, in any reinforcement equilibrium, player
1 receives at least V; — V5, while player 2 receives zero. The preemptive equilibrium

neither payoff-dominates nor is dominated by the mixed-strategy equilibria.

B.1.4 Existence of a mixed-strategy equilibrium when no reinforcement

equilibrium exists

It is worth noting that these mixed-strategy equilibria exist for the range of s where
no reinforcement equilibrium exists, i.e., for s > 5 (see Proposition 1 in Clark
et al. (2025)). To see this, we rewrite (B.24)), denoting @ by a and considering
5 < Va/s, as:

(a+61)* 6 a

—+-<1
201 + s + S
< a’® + 4ad; + 35% < 2018
< (a+20,)* < 2015+ 67 (B.25)
Vi + Vi Vi+V5\?
Recall that 51 = 1/_2%2, which implies that s > 51 <= ( Lt 2) < 2V5. We
2 S

can choose d; less than but sufficiently close to V5 /s such that 26,5 < 2V, < 28;5+0%.

For such a combination of values of d; and s, we then have:

vl—v2+2v2)2_<v1+v2

2
) < 2V < 2015 + 67;
S S

(a+261)° < ( :

Condition (B.25|) is therefore satisfied.

12



B.1.5 An example of a mixed-strategy equilibrium

We construct a mixed-strategy Nash equilibrium for s = s; following an approach
that works for any s > s;.
: Ve Vo
Consider 6§; = Va/s, so that a;(0) = ——, and a»(0) = 242
s

(B.24)) for the existence of a mixed-strategy equilibrium requires that G1(d;) < 1,

V22UV Vi 4+ V.
et ehh 2. We consider s = 5 = 14 2, which

< .
2V, ’ Vv
satisfies (B.24)) (note that all s > s; satisfy the condition, as well). For s = §i,

3V;
using (B.22), we get dy = 2—_2
S1

Therefore, in this mixed strategy equilibrium, player 1 uses a strategy that
2

The condition

or, equivalently, that

uts a probability mass of a;(0) = ——2—— at zero, a probability mass of =4
p p y 1(0) (AESTAE p y s
Vi =V 21 V. V Vy 3V%

! — 2 = L2 at _—2, and randomization over k € _—2, 22| with a density

81 (Vi + ‘/2)2 S1 S1 S1
1 V2V5
- = 2 ; while player 2 uses a strategy that puts a probability mass of a(0) =
S1 ;/1 + Vs )

1% . 0 2V; Vi L
——=—— at zero, a probability mass of — = ———=—— at —, randomization
(Vi + V2)? P Y 5 (itve s

Vi Wi Vz 1 V2V5
over k € 71, L4+ 2 with a density — = 2 , and a probability mass of
S1 S1 251 S1 ‘/1 + ‘/2
4V2 Vi W
1— 2_at 4+ 2>

B.2 Weak perfection

Simon and Stinchcombe (1995) (hereafter SS) provide a generalization of the con-
cept of perfect equilibrium—originally introduced by |Selten! (1975)) for finite games—
to infinite games with compact, metrizable strategy sets and continuous payoffs. In
this section, we examine an SS-type perfect-equilibrium refinement of pure strategy
equilibria of the first-period investment game. To invoke SS’s framework, we restrict
each player’s action space to a closed interval. Specifically, consider an arbitrarily
large but finite K > /2V; and confine a player’s action choice k; to [0, K]. This
truncation does not alter first-period equilibrium behavior, since any k; > K is
strictly dominated for both players.

A mixed strategy over the action space [0, K] can be viewed as a probability
measure on [0, K]. To determine the distance between two mixed strategies, we
equip the strategy space with the Lévy—Prokhorov metric. Formally, if f and g are

two probability measures on [0, K], the distance between them is given by
7(f,9) =inf{e > 0:VB C [0, K], f(B) < g(B) + € and ¢g(B) < f(B) + €},

13



where B¢ is the e-neighborhood of B. This metric induces the topology of weak
convergence on the space of mixed strategies.

For i € {1,2}, let A; denote player i’s set of mixed strategies over the action
space [0, K; and let A = Ay x Ay. Further, for € A, let Br;(u) denote i’s set of
best responses to the strategy profile .

Definition B.1. [Simon and Stinchcombe (1995), Definition 1.2] A weakly e-perfect
equilibrium is a strategy profile p¢ = (u$,us) € A such that, for i € {1,2},
(s, Bri(u)) < e. A strategy profile pn = (u1, p2) € A is a weakly perfect equi-
librium if it is the weak limit (converging point-wise at every point of continuity) of

a weak €,-perfect equilibrium for some sequence €, — 0.

The following theorem provides an equivalent characterization of weakly perfect

equilibrium.

Theorem B.1. [Simon and Stinchcombe (1995), Theorem 2.5] For the first-period

investment game, the following statements are equivalent:
(a) u is a weakly perfect equilibrium; and

(b) p is the limit of a sequence u™ of full support strategies with the property that,
for alli € {1,2}, p(Bri(u")™) — 1 for some sequence €, — 0.

Note that the two pure-strategy equilibria of the original game—the reinforce-
ment equilibrium and the preemptive equilibrium—are also equilibria of the game
with truncated action space. We further claim that these equilibria are weakly
perfect whenever they are strict, i.e., whenever each player’s strategy is the unique
best response to the other player’s strategy. Note that the reinforcement equilib-
rium is a strict equilibrium for s € (0, 5;) and the preemptive equilibrium is a strict
equilibrium for s € (s, 52).

Let us first consider the preemptive equilibrium strategy profile £* where k = 0
and k3 € {z(s),2}. The following lemma shows that we can construct a sequence
of full support strategy profiles {u™}—such that their best responses lie sufficiently
close to the pure strategy equilibrium—converging to the pure-strategy equilibrium

such that, for each n, the best response to u™ lies arbitrarily close to u” itself.

Lemma B.9. For s € (s5,52), the preemptive equilibrium (ki = 0,k5 = 2(s)) is a

weakly perfect equilibrium.

Proof. Let (81,d2) € (0,1) x (0,1) and define a strategy profile u = (1, p2) such
that u; assigns probability (1 — d;) to kf and distributes the remaining mass 9;
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uniformly over [0, K|. Given u, player 2’s expected payoff is:

EUs(ky | 1) = (1 —61)s {max{ky — Y+ 2 0} — max{k, — 2 O}]

i
o) max{ka— 5 ,0}
+ [ /0 Vadk,

[ = V) s - /ﬁ))dkl] ~ (). (B20)

max{ko— % ,0}

It is obvious that for ky < =2, player 2’s payoff is strictly decreasing in k,. For
ko > %, the term in the ﬁrst square bracket is constant, whereas the term in the
second square bracket is increasing in ky. Applying after substituting G, for

a uniform distribution over [0, K|, the first-order derivative of player 2’s expected

51‘/2 _

payoff with respect to ky can be expressed as ' (ks), which is negative for all

V2

6, sufficiently close to zero. For ky € [Y2=12 ], the expected payoff simplifies to

01 (sky + Vo — V1)2

EUs(ko | 1) = (1 = 01)(sko + Vo — V1) + Dok

—e(ky).  (B.27)

We now show that for s, < s < 8, player 2’s best response lies arbitrarily close to
z(s) as 0; approaches zero. Observe that for ky € [Y1="2, 1] EUs(ky | p) is strictly

concave and so player 2’s best response uniquely solves the following first-order

condition:

ko + Vo — V)
Fy(ka, 1) := [s — ¢ (k2)| + 61 lSﬁKQl —s| =0. (B.28)
Observe that Fy(ko, d1) is continuous in ks and z(s) solves Fy(ko,0) = 0. Therefore,
for every € > 0, there exists 6; = d1(¢) > 0 such that the unique solution of
Fy(kq,01) = 0 lies within e-distance of z(s), and moreover, d;(¢) — 0 as € — 0.

Additionally, since the left-hand side (B.28)) measures the first-order effect only for
[V15V2 V1]

ke € [M=*2 ] the solution is indeed the best response if it lies in L.

However, since z(s) < % for sy < s < 35, we can choose € sufficiently small so that
for such ¢, the solution to (B.28) is strictly below % and thus constitutes player 2’s
local best response to ;.

Finally, this local solution constitutes a global best response for player 2 only
if it yields a strictly positive payoff. Indeed, since the pure-strategy equilibrium is

strict for sy < s < 89, Proposition 2 gives
M(s) = sz(s) —c(z(s)) > Vi — Va.
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Therefore, for sufficiently small € > 0, the expected payoff to player 2 from the
solution of Fy(kg,d1) = 0 in response to pq remains strictly positive.

Next, observe that given us, player 1’s expected payoff is:
EU (k1 | o) = (1 = d9)s [max{kzl —2(s) = 2 + % 0} — max{ks — 2(s) — ?,0}}

Vs
) max{k —?,0}
+ = [ /0 1 Vidk, (B.29)

/max{kl - %Jr % ,0}
max{k1— % ,0}

((Vi — ‘/2) + S(kl — kg))dkz] — C(kl).

Consider k1 < z(s) — Y12 then for s, < s < &, ki — 2 < 2(s) -4 < 0

s

and ki, — % + % can be positive but less than z(s). Therefore, the expected
payoff simplifies to 62(8[‘“;&%‘@2 — ¢(ky1) and the first-order derivative is given by
Fi(ky1,09) == (SQ(SLW — (ky). Observe that Fj(ky,d9) is continuous in k; and
the solution of F}(k1,d2) = 0 can be made arbitrarily close to zero by suitable choice
of 5. Specifically, for every € > 0, there exists do = da(€) > 0 such that the unique
solution of Fi(ky,d2) = 0 is less than €, and moreover, ds(¢) — 0 as € — 0.

For ki > z(s) + %, the term in the first square bracket is constant, whereas
the term in the second square bracket is increasing in k;. Applying after
substituting G5 by a uniform distribution over [0, K], the first-order derivative of
player 1’s expected payoff with respect to k; can be expressed as 52% — (K1), which
is negative for all k1 > 2z(s) + 2 and for sufficiently small values of d,.

Finally, for z(s) — @ <k <z(s)+ %, the expected payoff simplifies to

do(sky + V1 — V2)2
2sK

EU (k1 | pg) = (1 — 02)(sky — s2(s) + Vi — Vo) + — c(k),

which is strictly concave and so player 1’s best response uniquely solves the following

first-order condition:

. ko + Vo — V)

Fy(ky,02) == |s = (k)| + 02 l‘“*KH —s| =0. (B.30)
Observe that F}(k;,d,) is continuous in k; and z(s) solves F} (ky,0) = 0. Therefore,
for every € > 0, there exists 03 = d3(¢) > 0 such that the unique solution of
Fi(ky,05) = 0 lies within e-distance of z(s), and moreover, d3(e) — 0 as € — 0.
However, this local solution is not the global solution if it yields a negative payoff

to player 1; then he deviates to the other local solution—which is arbitrarily close

16



to zero—obtained in the first case k; < z(s)— @ Indeed, since the pure-strategy

equilibrium is strict for s, < s < §3, Proposition 2 gives
c(z(s)) > Vi — V3,

and EU;(ky | 65 = 0,2) = Vi — Vo — ¢(2(s)) < 0. Therefore, for sufficiently small
€ > 0, the expected payoff to player 1 from the solution of ﬁl(kl, d3) = 0 in response
to o remains strictly negative.

Combining our analyses of the optimal behaviors of player 1 and player 2, we
can construct a sequence of €, | 0 and consider 6, = min{d;(e,), d2(€,), d3(€,)}
such that the best response to a strategy profile {u" = (uf, u%)}—where puf* places
a point mass (1 — ¢,) on kf (where ki = 0 and k¥ = 2(s)) and distributes the
remaining probability d,, uniformly over [0, K]—lies within €,-distance of ™.

Furthermore, as €, — 0, the sequence of strategy profile u™ converges to (ki =
0,k; = 2(s)). It then follows from Theorem that the pure strategy equilibrium
k™ is weakly perfect. O

By analogous arguments, it can be shown that the preemptive equilibrium (k} =
0,k; = %) is weakly perfect also for s € [82, 55), and the reinforcement equilibrium
is weakly perfect for s € (0, 51), since in each case the corresponding pure-strategy
equilibrium is strict. Strictness alone ensures compliance with the weak-perfection

refinement, regardless of the presence of other equilibria.
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